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The specific heat of a two-layer 4He film adsorbed on a graphite substrate is estimated as a
function of temperature by Quantum Monte Carlo simulations. The results are consistent with
recent experimental observations, in that they broadly reproduce their most important features.
However, neither the “supersolid” nor the “superfluid hexatic” phases, of which experimental data
are claimed to be evidence, are observed. It is contended that heat capacity measurements alone may
not be a good predictor of structural and superfluid transitions in this system, as their interpretation
is often ambiguous.
I. INTRODUCTION
The experimental investigation of the phase diagram
of a thin (i.e., few layers) film of helium adsorbed on
graphite has been pursued for half a century [1–9], moti-
vated by the dazzling variety of phases that this system
displays. In spite of such an impressive effort, the sub-
ject remains marred in controversy, mainly centered on
the possible existence of a “supersolid”[10] phase in the
second adsorbed layer of 4He.
It was first suggested by Greywall and Busch [8, 9] that
a commensurate crystalline phase may exist in the second
4He adlayer, with a
√
7×√7 partial registry with respect
to the first layer (this phase is henceforth referred to as
4/7). Crowell and Reppy [12, 13] subsequently proposed
that such a phase may turn superfluid at sufficiently low
temperature, making it a rare example of a phase of mat-
ter simultaneously displaying structural and superfluid
order.
The existence of the 4/7 commensurate phase is a
conjecture put forth to account for heat capacity mea-
surements whose interpretation is not univocal; no di-
rect, conclusive experimental evidence of such a phase
has been reported to date. Theoretical studies based on
first principle Quantum Monte Carlo (QMC) simulations,
making use of realistic microscopic atom-atom and atom-
surface potentials [15–18], lend no support to the scenario
of a commensurate solid in the phase diagram of the
second layer; rather, the system is predicted to display
only superfluid and incommensurate crystalline phases.
Assuming a two-dimensional (2D) first layer density be-
tween 0.118 and 0.122 A˚−2 [7, 14], one ends up with a
2D upper layer density for the hypothetical 4/7 phase
between 0.067 and 0.070 A˚−2; at, or near that density, a
non-crystalline superfluid phase is predicted by the most
reliable theoretical calculations, all the way to zero tem-
perature, with a phase transition between a superfluid
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and an incommensurate crystal taking place at a ∼ 10%
higher second layer density.
However, recent heat capacity measurements [14] have
again been interpreted as signalling the occurrence of a
commensurate (not 4/7) “supersolid” phase. Specifically,
an observed broad peak in the specific heat of a 4He film,
reaching its maximum height at a temperature ∼ 1.4 K
for a two-layer film of total coverage θA = 0.1973 A˚
−2 (a
very similar peak was observed in previous work [8]) is at-
tributed to the 2D melting of a commensurate top layer
crystal. It is speculated that a) such a crystal should
ostensibly melt into a quasi-2D superfluid b) the inter-
mediate “hexatic” phase through which melting occurs,
according to the theory [19, 20], ought to feature the
superfluid properties of the fluid, giving rise to a novel
“superhexatic” phase, possessing orientational order and
capable of flowing without dissipation.
There are reasons to be skeptical of such an otherwise
intriguing hypothesis. First, it is highly unlikely that a
single layer of 4He, resting on an inert solid layer, should
be superfluid at a temperature as high as T = 1.4 K. The
claims made in Ref. [14] are not supported by measure-
ments of the superfluid density; we are not aware of any
monolayer 4He system with such a high superfluid tran-
sition temperature. Indeed, first principle computer sim-
ulations [21] and experimental measurements [22] consis-
tently point to a superfluid transition temperature Tc ∼
0.7–0.8 K for a monolayer 4He film on weakly attractive
substrates, i.e., only slightly above that of purely 2D 4He
[23, 24]. It is worth noting that the failure of a fluid phase
to be superfluid at a given temperature excludes that a
hypothetical solid (or orientationally ordered) phase of
the same density may possess superfluid properties at
that same temperature [25].
Equally difficult to credit is the contention that a
quasi-2D solid 4He film of density 0.075–0.080 A˚−2 should
undergo 2D melting at T=1.4 K, considering that 2D 4He
at that density displays crystalline order [26] up to a tem-
perature as high as 2.2 K. It is doubtful that atomic mo-
tion in the transverse direction, which acts to soften the
hard core repulsion of the pair-wise helium interaction
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2at short distances, could reduce the melting temperature
by as much as ∼ 0.8 K, if the system is to remain es-
sentially two-dimensional, i.e., with no significant third
layer atomic promotion. It is also worth mentioning that,
while there is robust theoretical evidence that no incom-
mensurate quasi-2D supersolid phase of 4He exists [27],
there is no reason to expect that a crystalline layer of 4He
in that density range should be commensurate [15, 18].
In order to shed light on this problem, and obtain unbi-
ased theoretical insight into the system, we have carried
out first principle QMC simulations of a thin (two layers)
4He film on graphite. Our calculations are based on the
standard microscopic model of 4He and of the graphite
substrate, including accurate pair-wise interactions be-
tween 4He atoms, as well as between 4He atoms and the
graphite substrate. We present here results for the spe-
cific heat, focusing on the coverage θA mentioned above,
at which the specific heat “anomaly” is most prominent,
and attempt to establish whether the standard micro-
scopic model can account for the specific heat behav-
ior observed experimentally, possibly supporting the con-
tention made in Ref. [14].
Indeed, our QMC simulations yield a very similar peak
in the specific heat, but no crystalline order appears in
the second layer down to the lowest temperature consid-
ered here, namely T = 0.5 K. Rather, the second layer is
fluid-like, with no significant structural change occurring
in the temperature range 0.5–1.7 K. Nor is there any ev-
idence of a finite superfluid response at the temperature
at which the peak is observed, as the layer undergoes a
conventional superfluid transition at a much lower tem-
perature, close to 0.5 K. Thus, we contend that the inter-
pretation of the heat capacity measurements provided in
Ref. [14] is unfounded, and that the data shown therein
provide no support for a quasi-2D “supersolid” phase of
4He; our results point instead to atomic promotion to
third layer as the most likely physical cause underlying
the peak.
We have also carried out simulations at a higher cover-
age, namely θB = 0.21 A˚
−2, at which the stable equilib-
rium phase of the second adlayer is an incommensurate
crystal. In this case, a peak in the specific heat observed
in Ref. [14] at a temperature close to 1 K is claimed
therein as signalling the melting of the incommensurate
solid upper layer. Although we did not pursue the calcu-
lation of the specific heat for this coverage, in this case
too our simulations fail to confirm the physical scenario
laid out in Ref. [14], showing instead that the second
layer incommensurate crystal remains stable up to a tem-
perature of at least 2 K; moreover, melting in this system
is not really “2D”, but rather occurs through promotion
of atoms to the third layer. In summary, therefore, while
the results presented here reinforce on the one hand the
conclusion that no “supersolid” phase exists in this sys-
tem, on the other they also underscore the difficulty of
reliably assigning observed features in the specific heat
to actual physical phenomena.
The remainder of this manuscript is organized as fol-
lows: in sec. II we describe the microscopic model
adopted in this study; in sec. III we offer a brief de-
scription of the methodology adopted in this work; we
illustrate our results in sec. IV, and outline our conclu-
sions in sec. V.
II. MODEL
As mentioned above, we use the standard microscopic
model of a helium film adsorbed on graphite. We con-
sider an ensemble of N 4He atoms, regarded as point-like
spin-zero bosons, moving in the presence of a smooth, flat
graphite substrate. At the 4He coverages and in the tem-
perature range considered here, two atomic layers form.
In principle, of course, 4He atoms are identical, and there-
fore no conceptual distinction can be drawn between
atoms in the “top” and “bottom” layer. However, simula-
tions carried out in this study in which all atoms are con-
sidered indistinguishable, show that both inter-layer hop-
ping of atoms, as well as quantum-mechanical exchanges
among atoms in the first adsorbed layer (which orders
as a triangular crystal) and/or in different layers, are ex-
ceedingly infrequent. It is therefore an excellent approx-
imation to regard atoms in the bottom layer as distin-
guishable quantum particles (i.e., “Boltzmannons”); on
the other hand, atoms in the top layer are considered
as indistinguishable, and can therefore undergo quantum
exchanges. Consequently, the numbers of atoms in the
two layers are constant, i.e., N1 atoms constitute the first
layer, N2 = N−N1 the second. This de facto amounts to
regarding the two layers as two distinct “species”, which
allows us to compute separately their energetic contribu-
tions.
The system is enclosed in a simulation cell shaped as
a cuboid, with periodic boundary conditions in all direc-
tions (but the length of the cell in the z direction can
be considered infinite for all practical purposes). The
graphite substrate occupies the z = 0 face of the cuboid,
whose area is A. The nominal coverage θ is given byN/A,
while N1/A, N2/A are the 2D densities in the two layers.
The quantum-mechanical many-body Hamiltonian reads
as follows:
Hˆ = −
∑
i
λ∇2i +
∑
i
U(ri) +
∑
i<j
v(rij). (1)
The first and second sums run over all the N 4He atoms,
λ = 6.0596 KA˚2, and U is the potential describing the in-
teraction of a helium atom with the graphite substrate;
we use here the laterally averaged version of the well-
known Carlos-Cole potential [28]. The third sum runs
over all pairs of particles, rij ≡ |ri − rj | and v(r) is the
accepted Aziz pair potential [29], which describes the in-
teraction between two helium atoms.
As mentioned above, this is the standard microscopic
model used to describe a thin helium film on a substrate.
The substrate itself is considered smooth and flat, i.e.,
3its corrugation is neglected. This has been quantita-
tively shown to be a valid approximation [18]; one can
understand why that is the case, by considering that the
lower 4He solid layer is incommensurate with the graphite
substrate, while the upper layer mostly experiences the
corrugation of the lower layer.
III. METHODOLOGY
We carried out QMC simulations of the system de-
scribed in section II using the worm algorithm in the
continuous space path integral representation [23, 24].
We shall not review the details of this method, referring
instead the reader to the original references. We utilized
a canonical variant of the algorithm in which the total
number of particles N is held constant, in order to sim-
ulate the system at fixed coverage [30, 31]. We obtained
results in a range of temperature going from 0.5 K to a
high temperature of 1.7 K (3 K) for coverage θA (θB).
The number N1 of
4He atoms in the lower level is either
64 or 144, whereas that (N2) of atoms in the upper layer
is determined by the total 4He coverage, as well as the 2D
density of the lower level (we take that from experiment,
whenever available). Details of the simulation are stan-
dard; we made use of the fourth-order approximation for
the high-temperature density matrix (see, for instance,
Ref. [32]), and all of the results quoted here are extrap-
olated to the limit of time step τ → 0. In general, we
found that a value of the time step equal to 1.6 × 10−3
K−1 yields estimates indistinguishable from the extrap-
olated ones.
The main physical quantity of interest is the specific
heat c(T ), which we aim at comparing with that mea-
sured experimentally. It is well known that a direct calcu-
lation of the specific heat in QMC simulations is compli-
cated by the fact that estimators are statistically “noisy”.
It is therefore easier to obtain c(T ) by computing the en-
ergy per particle e(T ) and obtaining c(T ) as de(T )/dT ,
either through numerical differentiation or by fitting the
computed e(T ) curve. The occurrence of crystalline or-
der in the system is detected through i) visual inspection
of the imaginary-time paths and ii) the calculation of the
pair-correlation function g(r), integrated along the direc-
tion (z) perpendicular to the substrate. Superfluid order
is detected through the direct calculation of the super-
fluid fraction, using the well-established winding number
estimator [33]. Qualitative insight on the propensity of
the system to flow without dissipation can be obtained
from the computed statistics of exchange cycles.
IV. RESULTS
As mentioned in the Introduction, we have computed
the specific heat as a function of temperature for the
single coverage θA = 0.1973 A˚
−2 for which the peak ob-
served in Ref. [14] is strongest and occurs at the highest
temperature (close to 1.4 K). We set the density of the
lower layer to 0.1205 A˚−2, as specified in Ref. [14].
FIG. 1. Left: Energy per 4He atom (in K) in the top layer,
as a function of temperature. Solid line is a fit to the data.
Dashed line is a cubic fit to the data for T < 1.4 K. Inset shows
the energy per particle for the bottom layer. These results are
obtained by simulating a system comprising N1 = 64 (N2 =
41) particles in the bottom (top) layer. Right: Specific heat of
the film, estimated by differentiating the function used to fit
the data for e(T ) for the top layer. Also shown for comparison
are experimental measurements from Ref. [14].
Fig. 1 (left) shows the computed energy per 4He atom
e(T ) as a function of temperature, for the top layer. The
inset shows the corresponding quantity for the bottom
layer. The first observation is that there is no noticeable
dependence on the temperature of the estimates for the
bottom layer, showing that the contribution to the spe-
cific heat of the film comes almost exclusively from the
top layer, as opined in Ref. [14]. The energy values for
the top layer follow the expected (phonon) ∼ T 3 behav-
ior at low T (dashed line in Fig. 1), but we cannot fit all
of our data with a single power-law expression, as there is
a clear inflexion, resulting in a broad peak of the specific
heat C(T ) ≡ de(T )/dT at T ∼ 1.3 K. This is shown in
the right panel of Fig. 1, displaying the derivative with
respect to the temperature of the fitting curve in the left
panel (solid line). Also shown for comparison are the ex-
perimental data for the specific heat of Ref. [14], read off
Fig. 1(c) therein.
Although the microscopic model of the system utilized
here is the most reliable presently available, it is nonethe-
less still relatively simplified (e.g., the graphite substrate
is regarded as flat), and based on semi-empirical poten-
tials; thus, one ought not necessarily expect a quan-
titative reproduction of the experimental observations.
Moreover, the determination of the actual shape of the
C(T ) curve is complicated by the ambiguity of the fitting
procedure, while a straightforward numerical differentia-
tion of the energy estimates shown in Fig. 1 is affected
by a relatively large uncertainty. Nevertheless, the com-
parison with experiment appears altogether satisfactory,
in that the most important features of the experimen-
tally measured specific heat, i.e., the presence of a peak,
its overall shape and the temperature at which it occurs,
are all fairly well reproduced. This gives us confidence in
our ability to assess the plausibility of the physical sce-
nario proposed in Ref. [14] to account for such a peak.
4FIG. 2. Pair correlation function g(r) for the upper layer of
a 4He film of coverage θA = 0.1973 A˚
−2, integrated over the
axis perpendicular to the substrate. These results shown here
for three different temperatures (T =0.5, 1.0 and 1.6 K) are
obtained by simulating a system comprising N1 = 144 (N2 =
92) particles in the bottom (top) layer. Inset shows a blow-
up of the region near r = 0. When not shown, statistical
uncertainties are smaller than the symbol size.
We begin by examining possible structural changes oc-
curring in the film as the temperature is lowered from
T = 1.6 K through T = 0.5 K, i.e., across the specific
heat anomaly, occurring in our case at T ∼ 1.3 K, i.e., a
slightly lower temperature than in the experiment. Fig.
2 shows the reduced pair correlation function g(r) for
the top layer (of 2D density 0.0768 A˚−2), integrated over
the direction perpendicular to the substrate. The results
clearly show little or no difference among the g(r) com-
puted at these three significantly different temperature,
pointing to the absence of structural change in the film.
The rapidly decaying oscillations indicate that the system
is in the liquid phase, as confirmed by visual inspection
of many-particle configurations generated by the random
walk. The only, rather subtle change that takes place
as the temperature is raised, is illustrated in the inset of
Fig. 2, in which the region near r = 0 is shown magni-
fied. The fact that g(r) remains finite in the r → 0 limit,
at the highest temperature, is evidence of promotion of
atoms to the third layer, which, in our submission, con-
stitutes the most plausible physical explanation for the
peak in the specific heat observed both in our study and
in the experiment. Specifically, we attribute the change
of slope of the e(T ) curve (Fig. 1), giving rise to the peak
in C(T ), to the reduced second layer density arising from
atomic promotion to the third layer. The results obtained
in this study are entirely consistent with the physical pic-
ture offered in, e.g., Ref. [15], i.e., they do not support
the contention that such an anomaly should arise from
the melting of a 2D crystal, as contended in Ref. [14].
Nor is there any evidence of a finite superfluid response
FIG. 3. Pair correlation function g(r) for the upper layer of
a 4He film of coverage θA = 0.21 A˚
−2, integrated over the
axis perpendicular to the substrate. These results shown here
for three different temperatures (T = 1.0, 2.0 and 2.5 K) are
obtained by simulating a system comprising N1 = 144 (N2 =
106) particles in the bottom (top) layer. The density of the
first layer is fixed at 0.1209 A˚−2.
of the second layer (as mentioned above, the bottom layer
is crystalline and inert) for T > 1 K. Although permu-
tations of indistinguishable particles do occur, even at
temperatures as high as 1.7 K, the expected superfluid
transition of the fluid layer takes place below 1 K. While
we did not pursue the precise determination of Tc in this
work, the values of the superfluid fraction obtained on
a system of 92 particles in the top layer suggest that
Tc ∼ 0.5 K. In other words, no superfluid phase of the
system exists at temperatures as high as those at which
the specific heat anomaly reported in Ref. [14] occurs.
In light of this, the interpretation offered in Ref. [14] of
the specific heat measurements seems unviable.
In order to illustrate how problematic it is to attribute
specific physical meanings to distinct features of the mea-
sured specific heat, we turn now to a higher coverage,
namely θB = 0.21 A˚
−2, for which the specific heat dis-
plays a sharp peak at a temperature T between 1.1 and
1.2 K. This peak is interpreted in Ref. [14] as indicative
of the 2D melting of an incommensurate crystal. There
is no controversy here, as to whether at that coverage
the second layer should form an incommensurate solid;
but, as we show below, neither the contentions that such
a layer should undergo melting at a temperature so low,
nor that the melting transition should be 2D in nature,
are supported by our first principle simulations.
Fig. 3 shows the same quantity as in Fig. 1, namely
the reduced pair correlation function for the top layer, for
three different temperatures, namely T = 1.0, 2.0 and 2.5
K. Here, we set the value of the density for the bottom
layer (not given in Ref. [14]) to be 0.1209 A˚−2. It is
manifest from the data shown in the figure that virtually
5nothing happens to the film, structurally, between 1 and
2 K, and in particular there is no discernible attenuation
of the oscillations that mark the presence of crystalline
long-range order. On the other hand, at T = 2.5 K such
oscillations decay rapidly, the main peak has loss ∼ 20%
of the strength and, most significantly, g(0) is finite and
relatively large, signalling that the disappearance of or-
der (i.e., melting) is connected to the promotion of atoms
to the third layer, i.e., it cannot be regarded as “two-
dimensional”. We have not pursued the fairly lengthy
calculation of the specific heat for this coverage, but it is
clear that, in this case too, the interpretation of the mea-
surements proposed in Ref. [14] clashes with the results
of our computer simulations.
V. CONCLUSION
We have carried out extensive, first principle numeri-
cal study of structure and energetics of a two-layer 4He
film adsorbed on graphite, with the aim of gaining in-
sight into the physics of the system, in light of recent
experimental measurements for which a potentially ex-
citing interpretation was put forth. We have made use of
state-of-the-art numerical techniques (QMC); the quan-
titative predictive power of this methodology, for inter-
acting Bose systems, is by now fairly well-established.
As well, the microscopic model utilized here, based on
accepted potentials, has been adopted in essentially all
previous numerical studies[? ], including those based on
QMC simulations, which have yielded predictions gener-
ally in agreement with experiment.
It seems fair to state that even in this case there is
substantial agreement between theoretical results and
experimental data; quantitative differences can be at-
tributed to the inevitable limitations of a microscopic
model which, while capturing the bulk of the physical ef-
fects, is nonetheless still highly simplified. However, our
results fail to provide any kind of support for the inter-
pretation of experimental data propose in Ref. [14], even
though they confirm some of the working assumptions
made therein, e.g., that the contribution to the specific
heat comes almost entirely from the second layer. In par-
ticular, we see no evidence of melting of a crystal (either
commensurate or incommensurate) at the temperatures
at which anomalies in the specific heat are observed ex-
perimentally, nor is there any evidence of superfluid be-
haviour where, according to the authors of Ref. [14], a
“superfluid hexatic” phase may occur. More generally,
the data presented in Ref. [14] offer nothing to the effect
that the theoretical phase diagram of this system, as pro-
posed for example in Ref. [15], should be substantially
revised.
It is important to restate at this point that no di-
rect experimental evidence has been produced so far of a
commensurate solid phase in the second layer of 4He on
graphite. Its existence has so far been only posited, as a
plausible way to account for specific features in the ex-
perimentally observed specific heat. But, as also shown
in this work, the interpretation of those features is of-
ten not univocal; for example, there are valid reasons
attribute the broad peak in the specific heat at the lower
coverage investigated here, to promotion of atoms to the
third layer; while the physical nature of the peak in the
specific heat at the higher coverage was not investigated
here, there is no reason to exclude such an explanation
in that case as well.
In summary, it seems as if progress toward the resolu-
tion of the controversy existing at the moment, over the
presence of a commensurate phase in this system, is not
likely to be achieved through measurements of the spe-
cific heat, whose interpretation is ambiguous. It seems
as if, at this point, alternate sources of experimental in-
formation are needed, ideally capable of directly imaging
the second layer and providing robust evidence for the
existence of the elusive commensurate phase.
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